A BICOMPLEX OF KHOVANOV HOMOLOGY FOR COLORED 

JONES POLYNOMIAL 



NOBORU ITO 

Abstract. We construct a bicomplex for the categorification of the colored Jones 
polynomial. This work is motivated by the problem suggested by Anna Beliakova 
and Stephan Wehrli who discussed the categorification of the colored Jones poly- 
nomial in their paper. 



1. Introduction. 

In the papers [5], [7] and [TJ, the categorification of the colored Jones polynomial 
are given by using the cabling formula ([T]) in jH Theorem 4.15]. They introduced 
the colored Jones polynomial J n by [TJ Section 3.1] and [6J Section 1.2] ; the notion 
of a cabling and the cabling formula of colored Jones polynomial are first introduced 

by 0). 

Let n = (rii, . . . ,n{) be the tuple of non- negative integers. For an arbitrary ori- 
ented framed / component link L whose i-th component is colored by the (n, + 1)- 
dimensional irreducible representation of U q (sl2)- Let J(L n ) be the Jones polynomial 
of n-cable of L. Forming the m-cable of a component of L, we orient the strands by 
alternating the original and opposite directions. The colored Jones polynomial J n 
is given by 

LfJ 



= ^(-l) |k| ( n k k )^ n - 2k ) 

k=0 



where |k| = £\ ki and 

( n z k )=u fn, ~ k 



/ i=1 \ 

Let us consider the Khovanov complex of a link diagram D where it is defined in 
^ Page 1215, Definition 3] and denoted by C^(D) as in [TQl Page 237] or 0. Set 
C l {D) := ©jC JJ (D). For a diagram D of a framed link L, the diagram of n-cable 
L n of the fixed D is denoted by D n . Following [TTJ, Section 6.1.1] or (TJ Section 3.2], 
we consider the graph T n corresponding to D n . The binomial coefficient ( n ^ k ) is 
the number of ways to select k pairs of neighbourhoods on / lines. We call such a 
selection of k pairs a k-pairing for the sake of simplicity. For a given k-pairing s, 
D s denotes the cable diagram consisting of components corresponding to unpaired 
dots. By definition D s is isotopic to J D n ~ 2k ; see [HI Page 62]. Let 1^ be the 
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set of all k-pairings [HI Page 66], C^' j (D) := ® se i k ,\k\=kC l ' j {D s ) and C%'(D) : = 
®sei k ,\k\=kC (D s ). By using (P, it holds that 

(3) J a (L) = ]T(-l) fc Yl E(- 1 )VrkC' J (D n - 2k ). 

k se/ k i,j 

lkl=fe 

Then, we have 

(4) J n (L) = ^(-l) fe+ VrkC^( J D). 

k 

The grade k becomes one of the homological grade in the following sense. The graph 
T n corresponding to D n is denoted by T n (D). Let F k (T(D)) be the free Abelian 
group generated by {r s (D) corresponding to s G ik with |k| = A;}. 

As in [TJ Section 3.3, third paragraph], with an edge of T n connecting a k-pairing 
s and a k'-pairing s' we associate a homomorphism e : F h (T Il (D)) — > F k+1 (T n (D)) 
given by gluing an annulus between the strands of the cable which form a pair 
in s' but not in s. We define the differential 4 : F k (T n (D)) F k+1 (T n (D)) by 
(— l)( s ' s ')e, where (s, s') denotes the number of pairings to the right and above of 
the unique pairing in s' but not in s ([TJ Page 1249, third paragraph in the proof of 
lemma 3.1] and [UJ Proof of Lemma 15]). For all k, d„ satisfies c^ +1 o = (See, 
PH Section 6.2]). 

However, it has been unknown whether a Khovanov-type bicomplex exists for the 
homological grades i and k [H Section 3.3]. If such a bicomplex exists, there should 
be the spectral sequence whose E 2 term is determined by the bicomplex [H Section 
3.3]. 

We now state the main results. 
Main Theorem. There exists a bicomplex {C k,l (D), d' k,t , d" k ' 1 }. 
We prove the claim above in the following section. 

2. Construction of the Khovanov-type bicomplex for the colored 

Jones polynomial. 

In [3], we define the Khovanov homology l-L l {D) = l-L l {C l {D), 8 Syt ) of a link diagram 
D. In this section, the differential 5 S:t '■ C l (D s ) — > C l {D s ') is denoted by d\. In 
order to get the bicomplex with the two homological degrees k and i, let us define 
d' k ' 1 : C k ' l (D) — > C k+1,l (D). Recall the map e : s — > s' given by gluing an annulus 
between the two adjacent strands of the cable. We define the map C l (D s ) — > C l (D s ) 
corresponding to e such that the extension coincides d' k)l . In the following, we call 
the two adjacent strands that will be glued contracted strands. We also call circles 
contracted circles if they consist of three or four contracted strands. 

First, markers are put on D s as in Figured] where the cases (a-1) and (a-2) depend 
on the orientations of contracted strands defined in the following. 

Definition 2.1. (the orientation of contracted strands) Put D s on M 2 with a co- 
ordinate (x\,X2) which has the only one maximum point for a^-axis. Let the base 
point be this maximum point and the orientation of the strands corresponding to 
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(a-1) (a-2) (b) 

Figure 1. (a-1), (a-2): Two crossings generated by two contracted 
strands and one non-contracted strand, (b): Four crossings generated 
by only contracted strands. 



the lower dot of T n of the two. Let y be the word as the letters corresponding 
minus markers taken alternatively along the orientation of contracted strands from 
the base point. 

Note that either right or left crossing has a minus marker as in (a-1), (a-2) and 
(b) when we go along contracted strands and encounter another strands. 

Second, we consider all possible choices of markers on crossings of non-contracted 
strands. Also, we deal with disjoint circles by smoothing along these markers. Auto- 
matically, an enhanced Kauffman state (so-called Type 1) is realised for each choice 
of markers and sings. The contracted circles do not depend on the choice of markers. 
This comes from the following fact. Let us look at Figure [2] Strands (1) and (2) are 



(2) 



—y-Jf— 

Figure 2. The figure shows a part of contracted strands going from 
crossings (a-1) to crossings (a-2) or (b). All cases are got by consid- 
ering every possible couple among (a-1), (a-2) and (b). 



edges of a circle by smoothening along the markers. Then, a strand with (1) and (2) 
coincides with one of the enhanced kauffman state T\ of D s . Therefore contracted 
circles are unchanged up to isotopy for the choice of markers of the non-contracted 
strands. 

Finally, we show the existence of a differential of bicomplex. We define Type 2 
by using Type 1 in the following. A state of Type 2 is defined by replacing one 
pair of Type 1 with where -f-|- stands for either -j-j- or -|-|- We define d^ 1 : 
C*'*(D) ->■ C* +1 > l (D) by C\D S ) 3 S®[xy] S' <g> [x] G C\D S ') where S' is 71 (resp. 
— 7\) if S is Type 1 (resp. Type 2) otherwise. By the definition, we have d % s , o d 1 ^ 1 
= o 4. Setting d'^ := (-l)( s ' s '^ and d"^ := (-l) k © se / k ,| k |=fc4, we have 

jr/k+i,i D ^/k,i ^k,i+i ^nk,i _ ^j^jg com pi e t e s the proof of Theorem [TJ 
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Remark 2.1. The explicit chain homotopy maps implying the second and third Rei- 
demeister invariance of the Khovanov homology of C k,t, ^(D) with the differential 
defined in Section 2.2] are given by [2J Equation (7), (12)]. 

Remark 2.2. By checking all types of crossings, we notice that the number of con- 
tracted circles are even. Instead of putting minus signs for all contracted strands 
in the proof above, we consider every enhanced state which has equal numbers of 
positive contracted circles and minus circles and set 5 Si t = <5o,o- In this case, the 
following fact is available where d' k,h: ' := d! \ c k,%,j, D ^ and d := d" k ' l \ e k,i,j , D -,~ 



Theorem 2.1. There exists a bicomplex {C^'* J (D), (f fc,M , d" k ' 1 ^}. 
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